The aim of this paper is to obtain the existence of solution for the fractional p-Laplacian Dirichlet problem with mixed derivatives
Introduction
Recently, a great attention has been focused on the study of boundary value problems (BVP) for fractional differential equations. They appear in mathematical models in different branches in Science as physics, chemistry, biology, geology, as well as, control theory, signal theory, nanoscience and so on [2, 9, 14, 16, 17, 24] and references therein. Physical models containing left and right fractional differential operators have recently renewed attention from scientists which is mainly due to applications as models for physical phenomena exhibiting anomalous diffusion. Specifically, the models involving a fractional differential oscillator equation, which contains a composition of left and right fractional derivatives, are proposed for the description of the processes of emptying the silo [10] and the heat flow through a bulkhead filled with granular material [19] , respectively. Their studies show that the proposed models based on fractional calculus are efficient and describe well the processes.
The existence and multiplicity of solutions for BVP for nonlinear fractional differential equations is extensively studied using various tools of nonlinear analysis as fixed point theorems, degree theory and the method of upper and lower solutions [3, 4] . Very recently, it should be noted that critical point theory and variational methods have also turned out to be very effective tools in determining the existence of solutions of BVP for fractional differential equations. The idea behind them is trying to find solutions of a given boundary value problem by looking for critical points of a suitable energy functional defined on an appropriate function space. In the last 30 years, the critical point theory has become a wonderful tool in studying the existence of solutions to differential equations with variational structures, we refer the reader to the books due to Mawhin and Willem [11] , Rabinowitz [15] , Schechter [18] and papers [6, 7, 8, 20, 21, 22, 23, 24] .
The p-Laplacian operator was considered in several recent works. It arises in the modelling of different physical and natural phenomena; non-Newtonian mechanics, nonlinear elasticity and glaciology, combustion theory, population biology, nonlinear flow laws, system of Monge-Kantorovich partial differential equations. There exists a very large number of papers devoted to the existence of solutions of the p-Laplacian operator in which the authors used bifurcation, variational methods, sub-super solutions, degree theory, in order to prove the existence of solutions of this nonlinear operator, for detail see [5] .
Motivated by these previous works, we consider the solvability of the Dirichlet problem with mixed fractional derivatives
|ξ| p−1 = 0 uniformly for a.e. t ∈ [0, T ]. We say that u ∈ E α,p 0 is a weak solution of problem (1.1), if
for any ϕ ∈ E α,p 0 , where space E α,p 0 will be introduced in Section § 2. Let I : E α,p 0 → R the functional associated to (1.1), defined by
under our assumption I ∈ C 1 and we have
Moreover critical points of I are weak solutions of problem (1.1). Using the Mountain pass Theorem, we get our main result.
0 . The rest of the paper is organized as follows: In Section §2 we present preliminaries on fractional calculus and we introduce the functional setting of the problem. In Section §3 we prove Theorem 1.1.
Fractional Calculus
In this section we introduce some basic definitions of fractional calculus which are used further in this paper. For the proof see [9, 14, 17] .
Let u be a function defined on [a, b] . The left (right ) Riemann-Liouville fractional integral of order α > 0 for function u is defined by 
where t ∈ [a, b], n − 1 ≤ α < n and n ∈ N.
The left and right Caputo fractional derivatives are defined via the above Riemann-Liouville fractional derivatives [9] . In particular, they are defined for the function belonging to the space of absolutely continuous function, namely, If α ∈ (n − 1, n) and u ∈ AC n [a, b], then the left and right Caputo fractional derivative of order α for function u denoted by
The Riemann-Liouville fractional derivative and the Caputo fractional derivative are connected with each other by the following relations 
In particular, when 0 < α < 1, we have
Now we consider some properties of the Riemann-Liouville fractional integral and derivative operators.
(1)
(3) For n − 1 ≤ α < n, if the left and right Riemann-Liouville fractional
provided the boundary conditions
are fulfilled.
Fractional Derivative Space
In order to establish a variational structure for BVP (1.1), it is necessary to construct appropriate function spaces. For this setting we take some results from [7, 8, 24] . Let us recall that for any fixed t ∈ [0, T ] and 1 ≤ p < ∞,
where . α,p is defined by
is a reflexive and separable Banach space.
We recall some properties of the fractional space E α,p 0 .
If α > 1/p and
In particular the embedding
According to (2.7), we can consider in E α,p 0 the following norm 9) and (2.9) is equivalent to (2.5).
Proposition
Now, we are going to prove that E α,p 0 is uniformly convex, for this fact we consider the following tools (see [1] for more details).
(1) Reverse Hölder Inequality: Let 0 < p < 1, so that p
Proof. Let u, v ∈ E α,p 0 satisfy u α,p = v α,p = 1 and u − v α,p ≥ ǫ, where ǫ ∈ (0, 2).
Case p ≥ 2. By (2.13), we have
14)
It follows from (2.14) that
. Using the reverse Minkowski inequality (2.11) and the inequality (2.12), we get
By (2.15), we have
we get the desired claim.
3 Proof of Theorem 1.1
Through this section we consider: p < q and
we define
and
Obviously, the energy functional I : E α,p 0 → R associated with problem (1.1) is well defined.
0 . For each t ∈ [0, T ] and 0 < |σ| < 1, by the mean value theorem, there exists 0 < δ < 1,
By (f 1 ) and Young's inequality, we get
(ii) Continuity of Gâteaux-derivative.
as n → ∞. Without loss of generality, we assume that
where µ denotes the Lebesgue measure of I. It follows from (3.1) that the sequence {|f (t,
Thus, by Hölder inequality and Remark 2.2, we obtain
as n → ∞. Hence, we complete the proof of Lemma.
Proof.
First, it is easy to see that
For the proof we need the following inequalities, (see [5] )
with β independent of y and z;
(ii) If p ∈ (1, 2] then it holds:
with β independent of y and z.
We define g :
0 . Let us prove that g is continuous. Case p ∈ (2, ∞). For u, v ∈ E α,p 0 , by (3.3) and Hölder inequality we have:
with C constant independent of u and v.
It follows from (3.8) that
Let u ∈ E α,p 0 . By (3.9), Proposition 2.2 and Remark 2.2, we obtain
where
2pT α , by (3.10), we have
where C is a constant only depending on α, p, T . Now, let u α,p = ρ > 0.
Since q > p, we can choose ρ sufficiently small such that
Thus, the Lemma is proved. Proof. From assumption (f 2 ) it follows that
for all |ξ| > r and a.e. t ∈ [0, T ]. Thus, by (3.11) and F (t, ξ) ≤ max |ξ|≤r F (t, ξ) for all |ξ| ≤ r, we obtain
for any ξ ∈ R and a.e. by (3.12) , we have
From assumption (f 1 ) and (f 2 ), we get that 0 < F (t, ξ) ≤ C(|r| + |r| q ) for |ξ| ≤ r a.e.t ∈ [0, T ]. Thus,
Since µ > p, passing to the limit as t → ∞, we obtain that I(tu 0 ) → −∞. Thus, the assertion follows by taking e = T u 0 with T sufficiently large. We proceed with obtaining estimations independent of n for the integrals in (3.13). Let n ∈ N be arbitrary chosen. From assumption (f 1 ), we have |F (t, ξ)| ≤ 2C(|ξ| q + 1). (3.14)
If t ∈ Ω ′ n , then |u n (t)| < r and by (3.14), it follows F (t, u n ) ≤ 2C(|u n | q + 1) ≤ 2C(r q + 1) and hence
If t ∈ Ω n , then |u n (t)| ≥ r and by (f 2 ) it holds F (t, u n ) ≤ 1 µ f (t, u n (t))u n (t) as n → ∞. Combing (3.23) with (3.24), we get that u n → u strongly in E α,p 0 as n → ∞. Therefore, I satisfies (PS) condition.
Proof of Theorem 1.1. Since Lemma 3.3 -Lemma 3.5 hold, the Mountain pass Theorem (see [15] ) gives that there exists a critical point u ∈ E α,p 0 of I. Moreover, I(u) ≥ β > 0 = I(0).
Thus, u = 0.
